The row-orthonormal hyperspherical coordinate (ROHC) approach to calculating state-to-state reaction cross sections and bound state levels of N-atom systems requires the use of angular momentum tensors and Wigner rotation functions in a space of dimension N À 1. The properties of those tensors and functions are discussed for arbitrary N and determined for N = 5 in terms of the 6 Euler angles involved in 4-dimensional space.
Introduction
Accurate ab initio calculations of state-to-state differential and integral cross sections of simple chemical reactions constitute an important and active field. The methods used include the solution of both the time-dependent and the time-independent Schro¨dinger equation, and are described in several excellent reviews [1] [2] [3] [4] [5] and references therein. In addition, some of the characteristics of these methods have been recently compared. 6 Such cross section calculations and the associated wave functions give important insight into the detailed mechanism of those reactions at the molecular level. Furthermore, they furnish benchmarks against which approximate methods may be tested. The latter must be used to extend these kinds of studies to larger systems for which accurate ab initio calculations are not currently feasible.
In addition to Cartesian coordinates, hyperspherical coordinates of different varieties have been used to describe reactive scattering processes, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] as well as bound states. 26, 27 The row-orthonormal hyperspherical coordinate (ROHC) variety [28] [29] [30] [31] [32] [33] [34] has the useful property that the resulting many individual terms of a polyatomic system's Hamiltonian are invariant under a change of arrangement channel coordinates [30] [31] [32] [33] [34] (i.e., kinematic rotations), which makes them particularly appropriate for the study of chemical reactions. The formalism involved, for an N-atom system, introduces the concepts of rotations and angular momenta in spaces of dimension n = N À 1. As a result, such angular momenta and the associated Euler angles and Wigner rotation functions play an important role in the ROHC methodology, and are of central interest in this paper, which is organized as follows.
In Section 2 the definition and properties of ROHC are summarized, and in Section 3 coordinate rotations and Euler angles in (n Z 3)-dimensional space are discussed. In Section 4 the tensor angular momentum in such space is analyzed and in Section 5 the corresponding Wigner rotation operator and function are investigated. A summary and conclusions are given in Section 6.
Background
The definition and properties of the ROHC for N-atom systems for N Z 3 have been given previously [29] [30] [31] [32] [33] [34] and will only be summarized below succinctly. Let the corresponding set of N À 1 l-arrangement mass-scaled Jacobi vectors be r (1) l , r (2) l , . . ., r (NÀ1) l , and m its reduced mass. The associated space-fixed Jacobi matrix r where x l is a chirality coordinate that can assume the values 0 or 1, a l (a l ,b l ,c l ) are the 3 Euler angles that rotate the spacefixed frame Gxyz (centered on the system's center of mass G) to the principal-axes-of-inertia body-fixed frame Gx 
(a l ) is the transpose of the corresponding proper coordinate rotation matrix R (3) (a l ). (The expression ''coordinate'' rotation matrix is used to distinguish it from the ''Wigner'' rotation matrix considered at the end of this section.) This frame is not arbitrary and is required for the validity of that theorem. Furthermore, N(y,f) is the 3 Â 3 diagonal matrix. where y and f are hyperangles closely related to the system's principal moments of inertia, 33 and r Z 0 is the system's l-independent hyperradius defined by
, to the set of N À 1 Cartesian axes OX l 1 X l 2 . . .X l NÀ1 in that same space, as discussed in greater detail in Section 3. Finally P is the 3Â(N À 1) matrix where I (3) and 0 3Â(NÀ4) are, respectively, the 3 Â 3 identity matrix and the 3 Â (N À 4) null matrix. As a result, PR
is a 3 Â (N À 1) row-orthonormal matrix, formed by the first 3 rows of R (NÀ1) , which are normalized and orthogonal to each other. It should be noted that the number of d
is n = 3N À 9, which is smaller than s for N > 5 because of the smaller number of elements in that matrix as compared to R (NÀ1) for such values of N. This matter is further discussed in Section 3.3.
As a result of the presence of the (N À 1)
2), rotations and the associated angular momenta in (N À 1)-dimensional space appears in the ROHC formulation of reactive scattering of N-atom systems. As mentioned in Section 1, the many terms in the Hamiltonian of these systems are kinematic-rotation invariant, which makes them particularly useful for the description of reactive processes. In order to use these coordinates for state-to-state reaction cross section calculations, it becomes important to derive expressions for the corresponding Wigner rotation function. 41 For tetraatomic systems, N À 1 = 3 and no new theory is necessary. However, for N Z 5, the spaces involved have dimensions of 4 or greater. In the present paper we pay particular attention to pentaatomic systems, and develop the theory of the Wigner rotation function in 4-dimensional space, for which the number of Euler angles is s = 6.
Rotations and Euler angles in (n Z 3)-dimensional space
Since rotations in 3-dimensional space involve 3 Euler angles, it might naı¨vely be thought that for n-dimensional space, n Euler angles are involved. However, a more careful analysis leads to a different conclusion. For the present paper, n = N À 1. Let the coordinates of a general point P in the n-dimensional space frame OX
where
) is the n-dimensional column vector whose elements are the X (n) j (or X (n) j ), j = 1,2,. . .,n and R (n) is an n-dimensional orthogonal square matrix whose determinant is +1(À1) for proper (improper) rotations.
The primary rotations
The n 2 elements of the orthogonal matrix R (n) of (3.1) satisfy n row-normalization conditions as well as (1/2)n(n À 1) roworthogonality conditions and therefore the number of degrees of freedom of this matrix is
As a result, a general rotation of OX
n can be represented by a sequence of rotations of pairs of axes (or of planes) OX where o is the rotation angle. This corresponds to a proper rotation described by an n Â n proper orthogonal matrix labelled R (n) ij (o), called a primary coordinate rotation matrix. Consider the permutation of the indices 1,2,. . .,n that places i in first place, j in second place and leaves the ordering of the remaining indices unchanged. We require that all rotations defined by (3.3) have the same ''handedness'' by making this permutation even. For example, for n = 4, we allow the rotation OX 
12 rotates OX
1 X
2 (in the sense OX
2 by o with OX
3 fixed, R
23 rotates OX In each of these matrices, the diagonal elements equal to 1 indicate the axes that are fixed, i.e., the rotation axes.
The coordinate rotation matrix and the Euler angles
The proper coordinate rotation matrix R (n) is expressed as a product of s primary coordinate rotation matrices R (n) ij (o) chosen from the allowed set of such matrices. For example, for the usual n = 3 case, s is equal to 3 and we chose the corresponding 3 matrices from the set of (3.4). Although we could choose all of them to have different pairs of i, j subscripts, it is more convenient to make two of those pairs the same but associate them with different rotation angles. The usual R 
in which R
23 , which describes a primary rotation for which the OX 1 axis is unchanged, is not included. Instead R corresponding to a primary rotation in which the OX 3 axis is unchanged, is used twice. The reason is that the corresponding components of the angular momentum tensors L (3) and
12 ¼ ð h=iÞð@=d ð3Þ Þ, are particularly simple compared to the other components (see Section 4.3) and greatly simplify the associated angular momentum algebra. Similarly, for n = 4, we chose the following expression for
,. . .,d (6) ):
14 (d (6) )R (4) 42 (d (5) )R (4)
The last 3 matrices are closely related to the corresponding R (3) 12 (d (1) ), R (3) 31 (d (2) ) and R (3) 12 (d (3) ) matrices, having an extra row and column of zeros, except for the (4,4) element, which is 1. This choice is convenient for relating the n = 4 to the n = 3 angular momenta. Again, in (3.7) the matrix R (4) 23 is not included, in order to permit the appearance of R (4) 12 twice. In general, for an (n Z 3)-dimensional space, the Euler angles
) with s = (1/2) n (n À 1). We choose the corresponding R (n) (d) as the n Â n proper orthogonal matrix 
planes.
We impose on (3.8) the condition that there be a one-to-one correspondence between those angles and R (n) ,
i.e., no two sets of Euler angles should give the same R (n) and vice versa. This requires that for two consecutive R ðnÞ ipjp and R ðnÞ i pþ1 j pþ1 matrices we should have i p+1 a i p and j p+1 a j p , since otherwise any two pairs of angles d (p) and d (p+1) whose sum is the same will give the same R (n) . A choice of R (n) (d) for n Z 4 that satisfies these constraints and is a generalization of (3.6) and (3.7) is:
In this expression, the last 6 matrices are obtained from the corresponding R (4) ij by adding n À 4 rows and columns of zeros for the off-diagonal elements and setting the additional n À 4 diagonal elements equal to 1. In all other R Expressions (3.10) and (3.11) yield matrices that generate axes rotations which satisfy the handedness conservation requirement imposed after (3.3).
For n = 4 (3.9) is the same as (3.7). Expressions (3.10) and (3.11) are the generalizations of the n = 3 case to arbitrary n > 3.
The number and ranges of the internal Euler angles
Care must be taken in applying the properties of rotations in n-dimensional space to the ROHC theory of reactive scattering in polyatomic systems. In particular, the number and range of the Euler angles in n-dimensional space differ in general from the corresponding values in ROHC scattering theory.
a The number of internal Euler angles. As mentioned in Section 2, for an N-atom system there are n = 3N À 9 internal Euler hyperangles d
. However, the space in which the orthogonal matrix R (NÀ1) of (2.2) is defined is (N À 1)-dimensional and is parameterized by
as further discussed in Section 3.1. Whereas n increases linearly with N, s increases quadratically. In general, n r s. For N = 4, n = s = 3 and for N = 5, n = s = 6. For these two cases, n and s are the same. However, for N Z 6, n o s and there are fewer angles in PR (NÀ1) than in R (NÀ1) . The reason why these two numbers of Euler angles are different for this case is as follows. For the full (N À 1)-dimensional space the number of distinct primary rotations is s ¼ N À 1 2 . However, for the ROHC space,
of those rotations are not allowed, as they are associated with an (N À 4)-dimensional sub-space whose dimensionality has been decreased by 3. It is easy to see that, for (N Z 6),
These k excluded rotations correspond to the k Euler angles d
with n o p r s associated with the first k matrices R ðnÞ ipjp ðd ðpÞ l Þ (and the corresponding OX i p X j p planes) in the r.h.s. of (3.9) for n = N À 1. As a result, the matrix .2) only contains the permitted ROHC Euler angles d b The ranges of the internal Euler angles. For tetraatomic systems, the ranges of the Euler angles in the associated 3-dimensional space are given, as usual, by
whereas the ranges of the corresponding ROHC hyperangles, also 3 in number, are given by
l o p 0rd (2) l r p (3.14)
The reason for this difference is that (3.13) results from the requirement that there be a 1 to 1 correspondence between Euler angles and rotations of axes in a three-dimensional space, whereas (3.14) is a consequence of requiring that there be a 1 to 1 correspondence between the 9 elements of the two sides of (2.2) for the N = 3 case. For pentaatomic systems the corresponding ranges are
for rotations in 4-dimensional space and
l r p (3.16)
for the corresponding ROHC. 33 Similar reasoning leads to different ranges of corresponding d 
Angular momentum tensors in
The angular momentum operator of a point P in n-dimensional space in the frame defined at the beginning of Section 3 is a skew-symmetric tensor operator L (n) of order 2 whose n 2 elements are defined bŷ The R (n) can be chosen to be the function of the Euler angles d defined by (3.9) . It should be stressed that L acts on X (n) but not on d. cannot be assembled as a column that transforms under such rotations as a vector, and its tensor nature is essential. As shown previously, 33 (4.1) can be expressed in terms of a generalization of the Levi-Cevita density, which simplifies some aspects of the algebra of these angular momentum tensor operators, but this alternate form is not needed for the purposes of the present paper.
Angular momentum for primary rotations in terms of the axes rotation angle
Let us consider a primary rotation of the OX (n) i X (n) j plane by an angle o, as described in Section 3.1. Let g(X (n) ) be an arbitrary function of X (n) and let us consider a primary rotation of the OX
by an angle o, as described by a modified (3.3), with X Expressions (4.6) and (4.7) are very important, as they relate the angular momentum operators to derivatives with respect to rotation of the axes angles. It should be stressed that, whereas the L (n) ij operate on the Cartesian coordinates of the particle P, theL ðnÞ ij operate on those rotation angles. It is customary to drop the g functions on both sides of (4.6) and simply writeL This expression must be used with great caution, however, since its two sides operate on different variables. It is really a shorthand notation for (4.6).
The angular momentum tensor in terms of the Euler angles
Given a rotation matrix R (n) (d) such as (3.9), the tensor transformation relation (4.2), together with (4.6), permits us to express the elements of L (n) and L Indeed, for n = 3 and the choice (3.6) for R (3) where the X vectors are related by
(4.16)
12 (d (3) )X (3)00 (4.18)
As a result, the remaining unknown 9 elements can be obtained in terms of the three partial derivatives that appear in the r.h.s. of (4.13) through (4.15). The results for L
23 , L These operator expressions require, in their application to functions, that relations of the type of (4.6) be used, as discussed in connection with (4.7) and (4.8). Eqn (4.19) through (4.21) can be written without the X (3) subscripts, but they are then implied.
A simpler approach for this 3-dimensional-space case would have been to use the vector transformation relation (4.4) together with (3.6), but that approach would not be generalizable to the n-dimensional spaces (with n > 3) of interest in this paper. Setting, as done after (4.4), L The criterion for the selection of these independent elements was the evenness of the permutations of the associated allowed rotations described in Section 3. operators were derived previously by a different but equivalent tensor approach 33 and will not be repeated here. It should be noted, however, that those @/@d (p) operators should have subscripts that are a straightforward generalization to 4-dimensional space of those indicated in (4.13) through (4.15) for 3-dimensional space. For simplicity, those subscripts have been omitted in the rest of this paper but are implied, and the discussion associated to (4.6) through (4.8) must always be kept in mind. The correspondence between the L l k of ref. 33 and the L (4) ij is .26) to an arbitrary scalar function g(X (n) ) we have
Taking the trace of this equation we obtain
We can now drop the arbitrary function g(X (n)
) from this expression and obtain the operator relation
Taking one half of the trace of both sides of (4.26) and using . Because of its skew-symmetry, it is straightforward to prove that it commutes with its transpose, i.e., that
is not a symmetric matrix (as it would be if its elements were functions rather than operators), i.e.,
The reason for this lack of symmetry is the non-commutativity among at least some of the elements of L (n) . That is so even for the usual n = 3 case. The safest way to avoid errors in the algebra of these operators is to apply them to an arbitrary function g(X (n) ), as done in deriving (4.29). Once the corresponding relation involving the L (n) g(X (n) ) functions is obtained, the g(X (n) ) can be dropped from both of its sides, thereby giving the desired operator expression.
Replacing (4.19) through (4.21) in (4.25) furnishes, after a considerable amount of algebra, the expression have been obtained previously, 33 as discussed prior to (4.23), their replacement in (4.34) leads to an excessive amount of trigonometric and partial derivative algebra. Although the first 3 terms in the r.h.s. of (4.34) are the same as for the n = 3 case, and therefore known, the last 3 involve more than 200 terms before final simplification, and this is not a practical way of obtaining L (4) 2 . We have developed a different approach using matrix methods for deriving this quantity. The expression for L (4) 2 that results is then modified to permit efficient use of Mathematica. 44, 45 This approach permits a derivation of this quantity in terms of the @/@d (p) (p = 1-6) operators, but will not be described in the present paper.
5. The Wigner rotation operator and function for 3-dimensional and 4-dimensional space
General considerations
The Wigner rotation function plays a central role in the ROHC theory of reactive scattering. 32 As an example, it appears in the expressions for the hyperspherical harmonics for tetraatomic systems, which are eigenfunctions of the system's grand-canonical angular momentum operatorL 2 and of a set of other angular momentum operators that commute with it. 46 For that particular case, it appears twice: once as a function of the 3 Euler angles a l that rotate the space-fixed frame to the body-fixed principal momentum of inertia frame, and a second time as a function of the 3 internal Euler angles d l associated with the rotation matrix R (3) (d l ) of (2.2). In the rest of this section we discuss the definition of the Wigner rotation function and its determination for (n Z 3)-dimensional space.
The Wigner rotation operator for n-dimensional space
Although Wigner introduced the concept of a rotation operator for 3-dimensional space, 47 the same definition is valid for n-dimensional space.
Consider the n-dimensional-space coordinates defined at the beginning of Section 3. Let c(X 
n , with P remaining fixed (a so-called ''passive'' rotation), 48, 49 that function transforms to c( X
i.e., the transformed function c at the transformed position vector X (n) is equal to the original function c at the original position vector X (n) . The Wigner rotation operator D R (n) is defined by
where R (n) is the coordinate rotation matrix that specifies the rotation of axes being considered. As shown for 3-dimensional space, 47,48 the SO(n) groups formed by R (n) and D R (n) are isomorphic.
The
ð5:3Þ
Using an analogous approach it can be shown that for n = 4 we get
ð5:4Þ
This equation can be easily generalized to the n-dimensional case with the choice of R (n) (d) given by (3.9).
The Wigner rotation function for 3-dimensional space
Let us consider a system of spinless particles in 3-dimensional space and let the set of all its Cartesian coordinates in the OX
2 X (3) 3 frame be designated by r (3) . Let furthermore c lm (r (3) ) be a simultaneous eigenfunction of the square of its total orbital angular momentum operator L and is a known real function of d (2) . 50 We see, from (4.33) , that L (n) 2 commutes with both (@/@d (1) ) X (3) 0 and (@/@d (3) ) X (3). In addition, the latter commute with each other because d (1) and d (3) are independent variables. Therefore, those 3 operators form an independent set of commuting operators. It can be shown 51 that the D and is simply related to a Jacobi polynomial of cos d (2) . In the partial derivatives that appear in (5.8) through (5.10) no X (3) or r (3) subscripts are needed because D ð3Þl m 0 m is independent of the Cartesian coordinates of the point (or points) comprising the system and depends only on the Euler angles d (1) , d (2) , d (3) . Those equations make the D ð3Þl m 0 m useful basis functions for expanding the tetraatomic system's wave functions. 32, 46 The fact that they stem from the matrix representation of the operator (5.3) is not central for this application.
The Wigner rotation function for 4-dimensional space
We now define a set of functions of d (d (1) ,
) that has properties analogous to those of (5.8) through (5.11), i.e. that are simultaneous eigenfunctions of an appropriate set of angular momentum operators in 4-dimensional space. Rather than starting with (5.4) and seeking its representation in an appropriate basis set, we search instead for a set of 6 linearlyindependent commuting angular momentum operators in the space spanned by d and whose simultaneous eigenfunctions will be the functions of interest. This approach yields directly a basis set useful for expanding the wave functions of pentaatomic systems. 33 To that effect, let us consider the operators L (4) ij of (4.22) and the associated L 12 commute pair-wise, and that no more that 3 such independent commuting operators can be constructed from the elements of (4.22) .
Let us also consider the frames generated from OX ( We now select the following 3 elements of the tensors in some of these frames:L 
1 VI 4 VI commute with each other because they operate on the independent variables d (3) , d (4) , d (6) . In addition, they commute with L can be obtained explicitly, but this explicit expression will be the subject of a separate publication. It seems that this partial differential equation approach for obtaining the D Wigner rotation function for 3-and 4-dimensional space is extendable to higher dimensions.
Summary and conclusions
In this paper, rotations in n-dimensional space and the associated tensor angular momentum operator and Euler angles were discussed. That operator was expressed in terms of those angles using the transformation properties of second order tensors under axes rotations. The concept of Wigner rotation operator and function was generalized to n-dimensional space and it was shown that the Wigner rotation function for 4-dimensional space is obtained by solving an appropriate set of eigenfunction-eigenvalue partial differential equations associated with six commuting angular momentum operators. The resulting solutions constitute a useful basis for expanding the hyperspherical harmonics for pentaatomic systems, in analogy to tetraatomic systems. 32, 45 Furthermore, this approach is generalizable to higher dimensional spaces.
The F hyperspherical harmonics 32, 46 for pentaatomic systems depends on 11 angles: the 3 Euler angles that rotate the space-fixed axes to the principal moment of inertia bodyfixed axes, the 6 internal Euler angles of a 4-dimensional space, and two principal moment of inertia angles. The basis set in the first 3 is the usual 3-dimensional Wigner rotation function, and in the next 6 it is the 4-dimensional space Wigner rotation function discussed in this paper. For the last two angles it is the G hyperspherical harmonics set. The latter functions are not presently known, but they may be determined by an extension of the method used previously to obtain them for triatomic 34 and tetraatomic 46 systems. Once they are obtained, all of the analytical tools needed for calculating accurate state-to-state differential and integral cross sections for pentaatomic reactions (such as H 2 + H + 3 and its isotopomers, which are important for interstellar processes 53 ) will be available. It is estimated that such calculations can be performed in about 10 h on a 10 teraflop computer.
It may also be possible to obtain the Wigner rotation function for 5-dimensional space by the methods described. Together with the determination of the corresponding G harmonics, this may make the ab initio calculation of stateto-state cross sections for hexaatomic reactions feasible in the foreseeable future, using petaflop computers. Finally, the ROHC approach is also applicable to the calculation of bound-state energies of small polyatomic systems, as well as to the study of bound states of small nuclei and of their reactions. Reactive scattering calculations using ROHC can be performed by solving the corresponding time-independent or time-dependent Schro¨dinger equation.
